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Iruhfdvwlqj Wlph Vhulhv Vxemhfw wr Pxowlsoh
Vwuxfwxudo Euhdnv
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Gdylgh Shwwhqx}}r
Erffrql Xqlyhuvlw|
Doodq Wlpphupdqq
Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr
Mxqh 5337
Devwudfw
Wklv sdshu surylghv d qryho dssurdfk wr iruhfdvwlqj wlph vhulhv
vxemhfw wr glvfuhwh vwuxfwxudo euhdnv1 Zh sursrvh d Ed|hvldq hvwlpd0
wlrq dqg suhglfwlrq surfhgxuh wkdw doorzv iru wkh srvvlelolw| ri qhz
euhdnv ryhu wkh iruhfdvw krul}rq/ wdnlqj dffrxqw ri wkh vl}h dqg gxud0
wlrq ri sdvw euhdnv +li dq|, e| phdqv ri d klhudufklfdo klgghq Pdunry
fkdlq prgho1 Suhglfwlrqv duh iruphg e| lqwhjudwlqj ryhu wkh k|shu
sdudphwhuv iurp wkh phwd glvwulexwlrqv wkdw fkdudfwhul}h wkh vwrfkdv0
wlf euhdn srlqw surfhvv1 Lq dq dssolfdwlrq wr XV Wuhdvxu| eloo udwhv/
zh qg wkdw wkh phwkrg ohdgv wr ehwwhu rxw0ri0vdpsoh iruhfdvwv wkdq
dowhuqdwlyh phwkrgv wkdw ljqruh euhdnv/ sduwlfxoduo| dw orqj krul}rqv1
Nh|zrugv= Vwuxfwxudo Euhdnv/ Iruhfdvwlqj/ Klhudufklfdo klgghq Pdunry Fkdlq
Prgho/ Ed|hvldq Prgho Dyhudjlqj1
MHO Fodvvlfdwlrqv= F443/ F483/ F8631
Zh wkdqn Mrkq Jhzhnh dqg Mlp Kdplowrq iru glvfxvvlrqv dqg Jdu| Nrrs/ Vlprq
Srwwhu dqg Sdror ]ddurql iru frpphqwv rq wkh sdshu1 Dq| uhpdlqlqj huuruv duh wkh vroh
uhvsrqvlelolw| ri wkh dxwkruv1
4 Lqwurgxfwlrq
Vwuxfwxudo fkdqjhv ru euhdnv kdyh ehhq revhuyhg lq pdq| hfrqrplf dqg
qdqfldo wlph vhulhv1 Lq d vwxg| ri d odujh vhw ri pdfurhfrqrplf wlph vhulhv/
Vwrfn dqg Zdwvrq +4<<9, uhsruwhg wkdw wkh pdmrulw| ri wkh vhulhv glvsod|hg
hylghqfh ri lqvwdelolw|14 Vxfk vwuxfwxudo euhdnv srvh d iruplgdeoh fkdoohqjh
wr hfrqrplf iruhfdvwlqj dqg kdyh ohg dxwkruv vxfk dv Fohphqwv dqg Khqgu|
+4<<;/ 4<<<, wr ylhz lw dv wkh pdlq vrxufh ri iruhfdvw idloxuh15
D nh| txhvwlrq wkdw dulvhv lq wkh frqwh{w ri iruhfdvwlqj lv krz ixwxuh ydoxhv
ri wkh wlph0vhulhv ri lqwhuhvw pljkw eh dhfwhg e| euhdnv1 Li euhdnv rffxuuhg
lq wkh sdvw/ vxuho| wkh| frxog dovr kdsshq lq wkh ixwxuh1 Iru iruhfdvwlqj
sxusrvhv d prgho ri wkh vwrfkdvwlf surfhvv xqghuo|lqj wkh euhdnv lv wkhuhiruh
uhtxluhg wr dgguhvv txhvwlrqv vxfk dv krzpdq| euhdnv duh olnho| wr rffxu ryhu
wkh iruhfdvwlqj vdpsoh/ krz odujh vxfk euhdnv zloo eh dqg dw zklfk gdwhv wkh|
rffxu1 Dssurdfkhv wkdw ylhz euhdnv dv ehlqj jhqhudwhg ghwhuplqlvwlfdoo| duh
qrw dssolfdeoh zkhq iruhfdvwlqj ixwxuh hyhqwv xqohvv/ ri frxuvh/ ixwxuh euhdn
gdwhv dv zhoo dv wkh vl}h ri vxfk euhdnv duh nqrzq lq dgydqfh1 Lq prvw
dssolfdwlrqv wklv lv qrw d sodxvleoh dvvxpswlrq dqg vr d qhhg dulvhv wr prgho
wkh vwrfkdvwlf surfhvv xqghuo|lqj wkh euhdnv1
Lq wklv sdshu zh surylgh d jhqhudo iudphzrun wr iruhfdvwlqj wlph vhulhv
xqghu vwuxfwxudo euhdnv wkdw lv fdsdeoh ri kdqgolqj wkh glhuhqw vfhqdulrv
wkdw dulvh rqfh qhz euhdnv fdq rffxu ryhu wkh iruhfdvw krul}rq1 Doorzlqj iru
euhdnv frpsolfdwhv wkh iruhfdvwlqj sureohp frqvlghudeo|1 Wr looxvwudwh wklv/
frqvlghu wkh sureohp ri iruhfdvwlqj vrph yduldeoh/ +/  shulrgv dkhdg xvlqj d
klvwrulfdo gdwd vdpsoh i+c c +Aj lq zklfk wkh frqglwlrqdo glvwulexwlrq ri +
kdv ehhq vxemhfw wr d fhuwdlq qxpehu ri euhdnv1 Iluvw vxssrvh wkdw lw lv hlwkhu
nqrzq ru dvvxphg wkdw qr qhz euhdn rffxuv ehwzhhq wkh hqg ri wkh vdpsoh/
A / dqg wkh hqg ri wkh iruhfdvw krul}rq/ An1 Lq wklv fdvh +An fdq eh iruhfdvw
edvhg rq wkh srvwhulru sdudphwhu glvwulexwlrq iurp wkh odvw euhdn vhjphqw1
Qh{w/ vxssrvh wkdw zh doorz iru d vlqjoh euhdn zklfk frxog rffxu lq dq| rqh
4D vpdoo vxevhw ri wkh pdq| sdshuv wkdw kdyh uhsruwhg hylghqfh ri euhdnv lq hfrqrplf
dqg qdqfldo wlph vhulhv lqfoxghv Dorjrxvnrv dqg Vplwk +4<<4,/ Dqj dqg Ehndhuw +5335,/
Jdufld dqg Shuurq +4<<9,/ Nrrs dqg Srwwhu +5334,/ Sdvwru dqg Vwdpedxjk +5334,/ Shvdudq
dqg Wlpphupdqq +5335, dqg Vlolyhuvwryv dqg ydq Glmn +5335,1
5Fohphqwv dqg Khqgu| +4<<<, lqwurgxfh wkhlu errn dv iroorzv= Hfrqrplhv hyroyh dqg
duh vxemhfw wr vxgghq vkliwv suhflslwdwhg e| ohjlvodwlyh fkdqjhv/ hfrqrplf srolf|/ pdmru
glvfryhulhv dqg srolwlfdo wxuprlo1 Pdfurhfrqrphwulf prghov duh dq lpshuihfw wrro iru
iruhfdvwlqj wklv kljko| frpsolfdwhg dqg fkdqjlqj surfhvv1 Ljqrulqj wkhvh idfwruv ohdgv wr
d zlgh glvfuhsdqf| ehwzhhq wkhru| dqg sudfwlfh1
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ri wkh  glhuhqw orfdwlrqv1 Hdfk vfhqdulr kdv d glhuhqw suredelolw| dvvljqhg
wr lw wkdw pxvw eh frpsxwhg xqghu wkh dvvxphg euhdnsrlqw prgho1 Dv wkh
qxpehu ri srwhqwldo euhdnv jurzv/ wkh qxpehu ri srvvleoh euhdn orfdwlrqv
jurzv pruh wkdq sursruwlrqdoo|/ frpsolfdwlqj wkh sureohp hyhq ixuwkhu1
Dowkrxjk euhdnv duh irxqg lq prvw hfrqrplf wlph0vhulhv/ wkh olnho| sdxflw|
ri euhdnv lq d jlyhq gdwd vdpsoh phdqv wkdw lw lv lpsruwdqw wr vhh krz pxfk
fdq eh ohduqhg derxw ixwxuh euhdnv iurp wkh euhdnv wkdw rffxuuhg lq wkh sdvw1
Wklv lv uhodwhg wr krz vlplodu wkh sdudphwhuv duh dfurvv ydulrxv euhdn vhj0
phqwv1 D qduurz glvshuvlrq ri wkh glvwulexwlrq ri sdudphwhuv dfurvv euhdnv
vxjjhvwv wkdw sdudphwhuv iurp suhylrxv euhdn vhjphqwv frqwdlq frqvlghudeoh
lqirupdwlrq rq wkh sdudphwhuv diwhu d vxevhtxhqw euhdn zkloh d zlghu vsuhdg
vxjjhvwv ohvv frpprqdolw| dqg pruh xqfhuwdlqw|1
Wr dgguhvv wklv txhvwlrq zh sursrvh d klhudufklfdo klgghq Pdunry fkdlq
+KPF, dssurdfk zklfk dvvxphv wkdw wkh sdudphwhuv zlwklq hdfk euhdn vhj0
phqw duh gudzq iurp vrph frpprq phwd glvwulexwlrq1 Rxu dssurdfk sur0
ylghv d  h{leoh zd| ri xvlqj doo wkh vdpsoh lqirupdwlrq wr frpsxwh iruhfdvwv
wkdw hperg| lqirupdwlrq rq wkh vl}h dqg iuhtxhqf| ri sdvw euhdnv lqvwhdg
ri glvfduglqj revhuydwlrqv sulru wr wkh prvw uhfhqw euhdn srlqw1 Dv qhz
uhjlphv rffxu/ wkh sulruv ri wkh phwd glvwulexwlrq duh xsgdwhg xvlqj Ed|hv*
uxoh1 Ixuwkhupruh/ xqfhuwdlqw| derxw wkh qxpehu ri euhdn srlqwv gxulqj wkh
lq0vdpsoh shulrg fdq eh lqwhjudwhg rxw e| phdqv ri Ed|hvldq prgho dyhudjlqj
whfkqltxhv1
Rxu euhdnsrlqw ghwhfwlrq/ prgho vhohfwlrq dqg hvwlpdwlrq surfhgxuhv
exlog rq h{lvwlqj zrun lq wkh Ed|hvldq olwhudwxuh lqfoxglqj Jhopdq hw do
+5335,/ Lqfodq +4<<7,/ Nlp/ Qhovrq dqg Sljhu +5337,/ Nrrs +5336,/ PfFxo0
orfk dqg Wvd| +4<<6, dqgprvw qrwdeo|Fkle +4<<;,1 Krzhyhu/ wr kdqgoh
iruhfdvwlqj rxwvlgh wkh gdwd vdpsoh zh h{whqg h{lvwlqj sdshuv e| doorzlqj
iru wkh rffxuuhqfh ri udqgrp euhdnv gudzq iurp wkh phwd glvwulexwlrq1 Zh
dsso| wkh sursrvhg phwkrg lq dq hpslulfdo h{huflvh wkdw iruhfdvwv XV Wuhd0
vxu| Eloo udwhv rxw0ri0vdpsoh1 Wkh uhvxowv vkrz wkh vxffhvv ri wkh Ed|hvldq
klhudufklfdo KPF phwkrg wkdw dffrxqwv iru wkh srvvlelolw| ri euhdnv ryhu wkh
iruhfdvw krul}rq ylv0d0ylv surfhgxuhv wkdw ljqruh ixwxuh euhdnv/ sduwlfxoduo|
dw orqj iruhfdvw krul}rqv1
Wkh sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 jhqhudol}hv wkh klgghqPdunry
fkdlq prgho ri Fkle +4<<;, e| h{whqglqj lw zlwk d klhudufklfdo vwuxfwxuh wr
dffrxqw iru hvwlpdwlrq ri wkh sdudphwhuv ri wkh phwd glvwulexwlrq1 Vhfwlrq 6
h{sodlqv krz wr iruhfdvw ixwxuh uhdol}dwlrqv xqghu glhuhqw euhdn srlqw vfh0
qdulrv1 Vhfwlrq 7 surylghv wkh hpslulfdo dssolfdwlrq dqg Vhfwlrq 8 frqfoxghv1
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5 Prgholqj wkh Euhdn Surfhvv
Rxu euhdn srlqw prgho exlogv rq wkh Klgghq Pdunry Fkdlq +KPF, iru0
pxodwlrq ri wkh pxowlsoh fkdqjh srlqw sureohp sursrvhg e| Fkle +4<<;,1
Euhdnv duh fdswxuhg wkurxjk d vwdwh yduldeoh/ 7|/ wkdw wdnhv lqwhjhu ydoxhv
Ec 2c cg n  wudfnlqj wkh uhjlph iurp zklfk d sduwlfxodu revhuydwlrq/ +|/
ri vrph xqghuo|lqj vwrfkdvwlf surfhvv lv gudzq1 Wkxv/ r| ’ , lqglfdwhv wkdw
+| kdv ehhq gudzq iurp s E+|m \|3c, c zkhuh \| ’ i+c c +|j lv wkh fxuuhqw
lqirupdwlrq vhw/ , ’ d,c j
2
, o uhsuhvhqwv wkh orfdwlrq dqg vfdoh sdudphwhuv
lq uhjlph ,/ l1h1 | ’ , li  ,3  |   , dqg Cg ’ ifc c gnj lv wkh
froohfwlrq ri euhdn srlqwv16
Wkh vwdwh yduldeoh 7| lv prghohg dv d glvfuhwh vwdwh uvw rughu Pdunry
surfhvv zlwk wkh wudqvlwlrq suredelolw| pdwul{ frqvwudlqhg wr uh hfw d pxo0
wlsoh fkdqjh srlqw prgho1 Dw hdfk srlqw lq wlph/ 7| fdq hlwkhu uhpdlq lq
wkh fxuuhqw vwdwh ru mxps wr wkh qh{w vwdwh1 Frqglwlrqdo rq wkh suhvhqfh ri
g euhdnv lq wkh lq0vdpsoh shulrg/ wkh rqh0vwhs0dkhdg wudqvlwlrq suredelolw|
pdwul{ wdnhv wkh irup
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zkhuh R3c ’ o Er| ’ m r|3 ’    lv wkh suredelolw| ri prylqj wr uhjlph
 dw wlph | jlyhq wkdw wkh vwdwh dw wlph | lv 1 Qrwh wkdw RnRcn ’ 
dqg Rgncgn ’  gxh wr wkh dvvxpswlrq ri g euhdnv zklfk phdqv wkdw 0
frqglwlrqdo rq g euhdnv rffxuulqj lq wkh gdwd vdpsoh 0 wkh surfhvv whupl0
qdwhv lq vwdwh g n 17 Rqfh zh wxuq wr rxw0ri0vdpsoh iruhfdvwlqj/ zh vkrz
krz wr uhod{ wklv frqglwlrq dqg lqwhjudwh rxw xqfhuwdlqw| derxw wkh qxpehu
ri euhdnv1
Wkh uhjlph vzlwfklqj prgho sursrvhg e| Kdplowrq +4<;;, dulvhv dv d
vshfldo fdvh ri wklv vhwxs zkhq wkh sdudphwhuv diwhu d euhdn duh gudzq iurp
d glvfuhwh glvwulexwlrq zlwk d qlwh qxpehu ri vwdwhv1 Li lghqwlfdo vwdwhv duh
6Wkurxjkrxw wkh sdshu zh dvvxph wkdw 3 @ 31
7Vwulfwo| vshdnlqj wkh wudqvlwlrq suredelolw| pdwul{dqg wkh rwkhu prgho sdudphwhuv
vkrxog eh lqgh{hg e| wkh qxpehu ri euhdnv/ N/ l1h1 SN 1 Krzhyhu/ wr nhhs wkh qrwdwlrq dv
vlpsoh dv srvvleoh zh gr qrw xvh wklv qrwdwlrq1
6
nqrzq wr uhfxu/ lpsrvlqj wklv vwuxfwxuh rq wkh wudqvlwlrq suredelolw| pdwul{
fdq ohdg wr h!flhqf| jdlqv dv lw fdq orzhu wkh qxpehu ri sdudphwhuv wkdw qhhg
wr eh hvwlpdwhg1 Frqyhuvho|/ zurqjo| lpsrvlqj wkh dvvxpswlrq ri uhfxuulqj
vwdwhv zloo ohdg wr lqfrqvlvwhqw sdudphwhu hvwlpdwhv1
Zh dvvxph wkdw wkh qrq0}hur hohphqwv ri +4,/ R/ duh lqghshqghqw ri R/
 9’ c dqg duh gudzq iurp d ehwd glvwulexwlrq/8
R  e|@ E@c K / iru  ’ c 2cg +5,
Wkh mrlqw ghqvlw| ri T ’ ERc c Rgg
 lv wkhq jlyhq e|
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EK3 c +6,
zkhuh Sg ’ iK E@n K *K E@ K EKj
g 1 Wkh sdudphwhuv @ dqg K fdq eh vshfl0
hg wr uh hfw dq| sulru eholhiv derxw wkh phdq gxudwlrq ri hdfk uhjlph19
Vlqfh zh duh lqwhuhvwhg lq iruhfdvwlqj ydoxhv ri wkh wlph0vhulhv rxwvlgh
wkh hvwlpdwlrq vdpsoh/ zh h{whqg wklv vhw xs wr d klhudufklfdo euhdn srlqw
irupxodwlrq +vhh Fduolq hw do1 +4<<5,, e| pdnlqj xvh ri phwd glvwulexwlrqv iru
wkh xqnqrzq sdudphwhuv1 Zh gr vr e| dvvxplqj wkdw wkh frh!flhqw yhfwru/
/ dqg huuru whup suhflvlrq/ j
32
 / lq hdfk uhjlph duh gudzq iurp frpprq
glvwulexwlrqv/   EMfcf dqg j
32
  Efc _f/ uhvshfwlyho|/ zkhuh Mf dqg f
duh wkh orfdwlrq dqgf dqg _f wkh vfdoh sdudphwhuv ri wkh wzr glvwulexwlrqv1
:
Wkh dvvxpswlrq wkdw wkh sdudphwhuv duh gudzq iurp d phwd glvwulexwlrq lv
qrw yhu| uhvwulfwlyh1 Iru h{dpsoh/ wkh srrohg vfhqdulr +doo sdudphwhuv duh
lghqwlfdo dfurvv uhjlphv, dqg wkh uhjlph0vshflf vfhqdulr +hdfk uhjlph kdv
glhuhqw +rzq, sdudphwhuv, fdq eh vhhq dv vshfldo fdvhv1 Zklfk vfhqdulr
prvw forvho| uhsuhvhqwv wkh gdwd fdq eh lqihuuhg iurp wkh hvwlpdwhv ri f
dqg _f1 Wr idflolwdwh wkh dqdo|vlv/ zh srvlw d klhudufklfdo sulru iru wkh uhjlph
frh!flhqwv ic j
32
 j xvlqj d udqgrp frh!flhqw prgho1 Wkh klhudufklfdo
sulru sodfhv vwuxfwxuh rq wkh glhuhqfhv ehwzhhq uhjlph frh!flhqwv/ exw dw
wkh vdph wlph srvlwv wkdw wkh| frph iurp d frpprq glvwulexwlrq1
8Wkurxjkrxw wkh sdshu zh xvh xqghuvfruh eduv +h1j1 d, wr ghqrwh sdudphwhuv ri d sulru
ghqvlw|1
9Ehfdxvh wkh sulru phdq ri sll htxdov s @ d@ +d. e,/ wkh sulru ghqvlw| ri wkh uhjlph
gxudwlrq/ g/ lv dssur{lpdwho|  +g, @ sg4

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zlwk d phdq ri +d. e, @e1
:Zh prgho wkh suhflvlrq sdudphwhu ehfdxvh lw lv hdvlhu wr ghdo zlwk lwv glvwulexwlrq lq
wkh klhudufklfdo vwhs1
7
Zh dvvxph wkdw wkh Eon  yhfwruv ri uhjlph0vshflf frh!flhqwv/ /
 ’ c cg n  duh lqghshqghqw gudzv iurp d qrupdo glvwulexwlrq/  
 EMfcf/ zkloh wkh uhjlph huuru whup suhflvlrqv j
32
 duh LLG gudzv iurp d
Jdppd glvwulexwlrq/ l1h1 j32  C Efc _f1 Dw wkh qh{w ohyho ri wkh klhudufk|
zh dvvxph wkdw
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+8,
zkhuh ‘ E uhsuhvhqwv d Zlvkduw glvwulexwlrq dqg q/ Pq/ q dqg V
3
q duh
k|shusdudphwhuv wkdw qhhg wr eh vshflhg d sulrul1 Ilqdoo|/ iroorzlqj Jhrujh
hw do1 +4<<6,/ wkh huuru whup suhflvlrq k|shusdudphwhuv f dqg _f duh dvvxphg
wr iroorz dq h{srqhqwldo dqg Jdppd glvwulexwlrq/ uhvshfwlyho|=
f  .%R

4f

+9,
_f  C@66@

Sfc _f

+:,
dqg 4f/ Sf dqg _f duh wkhlu k|shusdudphwhuv1 Dsshqgl{ D frqwdlqv ghwdlov ri
wkh Jleev vdpsohu xvhg wr vlpxodwh rxu klhudufklfdo KPF prgho1;
514 Prgho Frpsdulvrqv Xqghu Glhuhqw Qxpehuv ri
Euhdnv
Wr dvvhvv krzpdq| euhdn srlqwv +g, wkh gdwd vxssruwv/ zh hvwlpdwh vhsdudwh
prghov iru d udqjh ri vhqvleoh qxpehuv ri euhdn srlqwv dqg wkhq frpsduh wkh
uhvxowv dfurvv prghov1 D ydulhw| ri fodvvlfdo dqg Ed|hvldq dssurdfkhv duh
dydlodeoh wr vhohfw wkh dssursuldwh qxpehu ri euhdnv lq uhjuhvvlrq prghov1
D fodvvlfdo dssurdfk wkdw wuhdwv wkh sdudphwhuv ri wkh glhuhqw uhjlphv dv
jlyhq dqg xquhodwhg kdv ehhq dgydqfhg e| Edl dqg Shuurq +4<<;/ 5336,1 Wklv
dssurdfk lv qrw/ krzhyhu/ vxlwdeoh iru iruhfdvwlqj dv lw grhv qrw dffrxqw iru
qhz uhjlphv rffxuulqj diwhu wkh hqg ri wkh hvwlpdwlrq vdpsoh1
Khuh zh dgrsw wkh Ed|hvldq dssurdfk ghyhorshg e| Fkle +4<<8/ 4<<9,
wkdw lv zhoo vxlwhg iru prgho frpsdulvrqv xqghu kljk glphqvlrqdo sdudphwhu
;Pdkhx dqg Jrugrq +5337, dovr xvh d Ed|hvldq phwkrg wr iruhfdvwlqj xqghu vwuxfwxudo
euhdnv exw dvvxph wkdw wkh srvw0euhdn glvwulexwlrq lv jlyhq e| d vxemhfwlyh sulru dqg gr
qrw dsso| d klhudufklfdo klgghq Pdunry fkdlq dssurdfk wr xsgdwh wkh sulru glvwulexwlrq
diwhu d euhdn1
8
vsdfhv1 Ohw wkh prgho zlwk  euhdnv eh ghqrwhg e| 1 Wkh phwkrg rewdlqv
dq hvwlpdwh iru wkh pdujlqdo olnholkrrg ri hdfk prgho s E+m dqg udqnv
wkh glhuhqw prghov e| phdqv ri wkhlu Ed|hv idfwruv=
 ’
s E+m
s E+m
c
zkhuh
s E+m ’
s E+mcXcTZ EXcTm
Z EXcTmc +
c +;,
X ’

c j
2
c cgnc j
2
gncMfcfc fc _f


Wkh xqnqrzq sdudphwhuv/ X dqg T fdq eh uhsodfhg e| pd{lpxp olnholkrrg
hvwlpdwhv ru wkhlu srvwhulru phdqv ru prghv1 Odujh ydoxhv ri lqglfdwh wkdw
wkh gdwd vxssruwv  ryhu  +Mhuh|v/ 4<94,1 Dsshqgl{ E jlyhv ghwdlov ri
krz wkh wkuhh frpsrqhqwv ri +;, duh frpsxwhg1
6 Srvwhulru Suhglfwlyh Glvwulexwlrqv
Lq wklv vhfwlrq zh vkrz krz wr jhqhudwh  vwhs dkhdg rxw0ri0vdpsoh iruhfdvwv
iurp wkh prgho sursrvhg lq Vhfwlrq 51 Rxu lqirupdwlrq vhw lv jlyhq e| gdwd
xs wr wkh srlqw ri wkh suhglfwlrq/ A / l1h1 \A ’ i+c c +Aj1 Duphg zlwk
hvwlpdwhv ri wkh euhdn srlqwv dqg sdudphwhuv lq wkh glhuhqw uhjlphv/ zh
xsgdwh wkh phwd glvwulexwlrq dqg xvh wklv lqirupdwlrq wr iruhfdvw ixwxuh
ydoxhv ri + rffxuulqj diwhu wkh hqg ri rxu vdpsoh/ A 1
Frqglwlrqdo rq \A / ghqvlw| ru srlqw iruhfdvwv ri wkh + surfhvv  vwhsv
dkhdg/ +Anc fdq eh pdgh xqghu d udqjh ri vfhqdulrv ghshqglqj rq zkdw
lv dvvxphg derxw wkh srvvlelolw| ri euhdnv ryhu wkh shulrg dAc A n o1 Iru
looxvwudwlrq zh frpsduh wkh cqr euhdn* dqg ceuhdn* vfhqdulrv1 Xqghu wkh cqr
euhdn* vfhqdulr +An fdq eh iruhfdvw xvlqj rqo| wkh srvwhulru glvwulexwlrq
ri wkh sdudphwhuv iurp wkh odvw uhjlph/ ignc j
2
gnj1 Xqghu wkh ceuhdn*
vfhqdulr zh doorz iru wkh srvvlelolw| ri pxowlsoh qhz euhdnv ehwzhhq A dqg
A n 1 Lq wkh hyhqw ri vxfk euhdnv/ iruhfdvwv ri +An edvhg vroho| rq wkh
srvwhulru glvwulexwlrq ri gn dqg j
2
gn zloo eh eldvhg dqg lqirupdwlrq derxw
wkh euhdn surfhvv lv uhtxluhg1 Wr frpsxwh wkh suredelolwlhv ri doo srvvleoh
euhdn gdwhv/ dq hvwlpdwh ri wkh suredelolw| ri vwd|lqj lq wkh odvw uhjlph/
Rgncgn/ lv dovr uhtxluhg1 Wkh srvlwhg phwd glvwulexwlrq iru wkh uhjuhvvlrq
sdudphwhuv/   EMfcf/ dqg wkh huuru whup suhflvlrqv/   Efc _f/
9
dvvxphg lq wkh klhudufklfdo vwuxfwxuh surylgh wkh glvwulexwlrq iurp zklfk
wkh sdudphwhuv ri dq| qhz uhjlphv ryhu wkh iruhfdvw krul}rq duh gudzq1
Xvlqj wkh Pdunry fkdlq surshuw| dqg frqglwlrqlqj rq ehlqj lq uhjlph
g n  dw wlph A / wkh suredelolw| ri d euhdn dw wlph A n  lv
o ErAn ’ g n 2m gn ’ A n c rA ’ g n  ’ E Rgncgn R

gncgnc
+<,
zkhuh gn 5 dA n (A n o wudfnv zkhq euhdn qxpehu g n  kdsshqv dqg
Rgncgn lv wkh suredelolw| ri uhpdlqlqj lq vwdwhgn1
< Qrwlfh wkdw/ iru iruh0
fdvwlqj sxusrvhv/ dq hvwlpdwh ri wkh wudqvlwlrq suredelolw| lq wkh odvw uhjlph/
Rgncgn/ lv uhtxluhg lq rughu wr frpsxwh wkh suredelolw| ri d qhz euhdn rf0
fxuulqj lq wkh rxw0ri0vdpsoh shulrg1 Khqfh/ zkloh wkh wudqvlwlrq suredelolw|
pdwul{ +4, frqglwlrqdo rq g euhdnv lq wkh lq0vdpsoh shulrg dvvxphv wkdw
Rgncgn ’ / wkh vhfrqg0vwdjh rxw0ri0vdpsoh iruhfdvw uhsodfhv +4, e| wkh
iroorzlqj wudqvlwlrq suredelolw| pdwul{
 ’
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c +43,
zkhuh wkh Eg n   Eg n  vxe0pdwul{ lq wkh xsshu ohiw fruqhu shuwdlqv
wr wkh revhuyhg gdwd vdpsoh/ i+c c +Aj dqg lv lghqwlfdo wr +4, h{fhsw iru
wkh qdo hohphqw/ Rgncgn zklfk lq jhqhudo lv glhuhqw iurp xqlw|1 Wkh
uhpdlqlqj sduw ri  ghvfulehv wkh euhdnsrlqw g|qdplfv lq wkh rxw0ri0vdpsoh
shulrg1
Zh qh{w vkrz krz iruhfdvwv duh frpsxwhg xqghu glhuhqw rxw0ri0vdpsoh
vfhqdulrv ehiruh frpsxwlqj d frpsrvlwh iruhfdvw dv d suredelolw|0zhljkwhg
dyhudjh ri wkh iruhfdvwv xqghu hdfk rxw0ri0vdpsoh euhdnsrlqw vfhqdulr dqg
vkrzlqj krz wr lqwhjudwh rxw wkh xqfhuwdlqw| vxuurxqglqj wkh qxpehu ri
lq0vdpsoh euhdnv1
<Wr vlpsoli| qrwdwlrq lq wkh iroorzlqj/ zh gr qrw h{solflwo| frqglwlrq srvwhulru glvwule0
xwlrqv rq wkh {hg sulru k|shusdudphwhuv lq +7,0+:,1
:
61314 Qr Euhdn lq dAc A n o
Vxssrvh wkhuh lv qr euhdn ehwzhhq A dqg A nc vr wkh qhz gdwd lv jhqhudwhg
iurp wkh odvw uhjlph Egn lq wkh revhuyhg vdpsoh1 Wkhq R E+Anm rAn ’ g n c +A 
lv gudzq iurpU U
R

+Anmgnc j
2
gnc rAn ’ g n c\A

Z

gnc j
2
gn
Mfcfc fc _fcTcVA c\A _gn_j2gnc
zkhuh VA ’ Erc c rA  lv wkh froohfwlrq ri ydoxhv ri wkh odwhqw vwdwh yduldeoh
xs wr shulrg A 1 Zh wkxv surfhhg dv iroorzv=
Rewdlq d gudz iurp Z

gnc j
2
gn
Mfcfc fc _fcTcVA c\A c
Gudz +An iurp wkh srvwhulru suhglfwlyh ghqvlw|/
+An  R

+Anmgnc j
2
gnc rAn ’ g n c\A

 +44,
61315 Vlqjoh Euhdn lq dAc A n o
Diwhu d qhz euhdn wkh surfhvv lv jhqhudwhg xqghu wkh sdudphwhuv iurp uhjlph
qxpehu g n 21 Iru d jlyhq euhdn gdwh/ A n  E    / zh rewdlq
R E+Anm rAn ’ g n 2c gn ’ A n c\A  iurp]
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Wr vhh krz zh xsgdwh wkh srvwhulru glvwulexwlrqv ri Mf/ f/ f dqg _f lq wklv
fdvh/ ghqh Ggn ’
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1 Zh wkhq
surfhhg dv iroorzv=
Gudz Mf iurp
Mf  Z

MfmGgnc j
2
Ggncfc fc _fcTcVA c\A

c
dqg f iurp
f  Z

fmGgnc j
2
GgncMfc fc _fcTcVA c\A


;
Gudz f iurp
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Gudz gn2 dqg gn2 iurp wkhlu uhvshfwlyh sulruv jlyhq e| Z

gn2
Mfcf
dqg Z Egn2m fc _f/ uhvshfwlyho|/ iru d {hg vhw ri k|shusdudphwhuv1
Gudz +An iurp wkh srvwhulru suhglfwlyh ghqvlw|/
+An  R

+Anmgn2c j
2
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+45,
Wr rewdlq wkh hvwlpdwh ri Rgncgn qhhghg lq +<,/ zh frpelqh lqirupdwlrq
iurp wkh odvw uhjlph zlwk sulru lqirupdwlrq/ dvvxplqj wkh sulru Rgncgn 
e|@E@c K/ vr
Rgncgnm \A  e|@E@n ?gncgnc Kn  +46,
zkhuh ?gncgn lv wkh qxpehu ri revhuydwlrqv iurp uhjlph g n 1
61316 Pxowlsoh Euhdnv lq dAc A n o
Dvvxplqj   2/ zh fdq uhdglo| h{whqg wkh suhylrxv glvfxvvlrq wr pxowlsoh
rxw0ri0vdpsoh euhdn srlqwv1 Zkhq frqvlghulqj wkh srvvlelolw| ri wzr ru pruh
euhdnv/ zh qhhg dq hvwlpdwh ri wkh suredelolw| ri vwd|lqj lq uhjlph g n /
Rgncgn/   21 Wklv lv qrw qhhghg iru wkh vlqjoh euhdn fdvh vlqfh  e|
dvvxpswlrq  Rgn2cgn2 lv vhw htxdo wr rqh1 Wr wklv hqg zh prgli| wkh
klhudufklfdo KPF e| dgglqj d sulru glvwulexwlrq iru wkh k|shusdudphwhuv @
dqg K ri wkh wudqvlwlrq suredelolw|/43
@  C@66@
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@fc Kf

c +47,
K  C@66@

@fc Kf


43Iroorzlqj hduolhu qrwdwlrqv/ wkhvh sdudphwhuv dsshdu khuh zlwkrxw wkh xqghuvfruh edu
vlqfh wkh| zloo eh hvwlpdwhg iurp wkh gdwd1
<
Rydoxhv duh qrz gudzq iurp wkh frqglwlrqdo ehwd srvwhulru
RmXc  c +  e|@E@n ,c Kn c
zkhuh , ’     3   lv wkh gxudwlrq ri uhjlph 1 Wkh glvwulexwlrq iru wkh
k|shusdudphwhuv @ dqg K lv qrw frqmxjdwh vr vdpsolqj lv dffrpsolvkhg xvlqj
d Phwursrolv0Kdvwlqj vwhs1 Wkh frqglwlrqdo srvwhulru glvwulexwlrq iru @ lv
Z E@mXc  cTc Kc\A  2
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C@66@
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Wr gudz fdqglgdwh ydoxhv/ zh xvh d Jdppd sursrvdo glvwulexwlrq zlwk vkdsh
sdudphwhu c phdq htxdo wr wkh suhylrxv gudz @}
^ E@Wm @}  C Ec *@} c
dqg dffhswdqfh suredelolw|
1 E@Wm @} ’ 4?
%
Z E@WmXc  c c Kc + *^ E@Wm @}
Z E@}mXc  c c Kc + *^ E@}m @W
c 
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 +48,
Xvlqj wkhvh qhz srvwhulru glvwulexwlrqv/ zh jhqhudwh gudzv iru Rgn2cgn2 xv0
lqj wkh frqyroxwlrq ri wkh sulru glvwulexwlrq iru wkh R*v dqg wkh uhvxowlqj
srvwhulru ghqvlwlhv iru @ dqg Kc44
Rgn2cgn2m @c K  e|@E@c K
Doorzlqj iru wzr euhdn srlqwv lq wkh rxw0ri0vdpsoh shulrg/ zh jhw
3S
’
E 
@ E *2 srvvleoh euhdn srlqw orfdwlrqv dqg wkh zhljkw dvvljqhg wr vxfk
vfhqdulrv lv +dvvxplqj   ,  ,45
h ErAn ’ g n m gn2 ’ A n ,c gn ’ A n c rA ’ g n 
’ Rgncgn E Rgncgn R
,33
gn2cgn2 E Rgn2cgn2 
44Lq frqwudvw wr wkh fdvh iru sN.4>N.4/ zh gr qrw kdyh dq| lqirupdwlrq derxw wkh ohqjwk
ri uhjlphN.5 iurp wkh hvwlpdwlrq vdpsoh dqg uho| rq sulru lqirupdwlrq wr jhw dq hvwlpdwh
iru sN.5>N.51
45Wr eh pruh suhflvh/ rqo|
k4S
l@4
+k l, frpelqdwlrqv ri wzr euhdn srlqwv duh frqvlghuhg/
zkloh wkh uhpdlqlqj k . 4 fdvhv fruuhvsrqg wr wkh rffxuuhqfh ri }hur ru rqh qhz euhdn1
Wkh jhqhudo zhljkw iru wklv fdvh lv smN.4>N.4 +4 sN.4>N.4,
L+kAm,
s
+km4,L+k4Am,
N.5>N.5 / zkhuh
m @ 3> ===> k 4 lv wkh euhdn gdwh dqg L +, lv wkh lqglfdwru ixqfwlrq wdnlqj d ydoxh ri 4 li
wkh lqqhu dujxphqw lv ydolg dqg }hur rwkhuzlvh1
43
Wkh h{whqvlrq wr 6 : 2 euhdn srlqwv lv vwudljkwiruzdug dqg wkh wudqvlwlrq
suredelolw| iru wklv fdvh wdnhv wkh irup
h ErAn ’ g n6n m gn6 ’ A n 5c c gn2 ’ A n ,c gn ’ A n c rA ’ g n 
’
6\
’
R_gncgn E Rgncgn c +49,
zkhuh _   lv wkh gxudwlrq ri uhjlph g n 1
614 Frpelqlqj wkh Iruhfdvwv xvlqj Ed|hvldqPrgho Dy0
hudjlqj
Vr idu zh kdyh vkrzq krz wr lqwhjudwh rxw xqfhuwdlqw| derxw wkh qxpehu
ri rxw0ri0vdpsoh +ixwxuh, euhdnv1 Krzhyhu/ zh kdyh qrw ghdow zlwk wkh idfw
wkdw zh gr qrw nqrz wkh wuxh qxpehu ri lq0vdpsoh euhdnv1 Wr lqwhjudwh
rxw wkh xqfhuwdlqw| derxw wkh qxpehu ri lq0vdpsoh euhdnv/ zh frpsxwh wkh
suhglfwlyh ghqvlw| dv d zhljkwhg dyhudjh ri wkh suhglfwlyh ghqvlwlhv xqghu wkh
phwd glvwulexwlrqv/ hdfk ri zklfk frqglwlrqv rq d jlyhq ydoxh ri g/ xvlqj
wkh prgho srvwhulruv dv +uhodwlyh, zhljkwv1 Wr wklv hqg ohw RgE+Anm\A  
R E+Anm rA ’ g n c\A  eh wkh srvwhulru ghqvlw| frqglwlrqdo rq g euhdnv
kdylqj rffxuuhg dw wlph |1 Frpelqlqj +<,0+44,/ zh fdq lqwhjudwh rxw wkh vwdwh
suredelolw| 7An iurp wkh suhglfwlyh ghqvlwlhv dqg frpsxwh wkh srvwhulru
suhglfwlyh ghqvlw| wkdw frqvlghuv wkh iruhfdvwv xqghu wkh qr0euhdn dqg euhdn
vfhqdulrv dv iroorzv1
Rg E+Anm \A  ’ h ErAn ’ g n m \A  R E+Anm rA ’ g n c rAn ’ g n c\A  n
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R E+Anm gn ’ A n c rA ’ g n c rAn ’ g n 2c\A  n +4:,
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Wklv iruhfdvw frqglwlrqv rq wkh h{lvwhqfh ri g euhdnv lq wkh lq0vdpsoh
shulrg wkdw whuplqdwhv dw wlph A 1 Krzhyhu/ lq vrph dssolfdwlrqv wkhuh pd|
eh frqvlghudeoh xqfhuwdlqw| vxuurxqglqj wkh qxpehu ri lq0vdpsoh euhdnv dqg
44
vr lw lv uhdvrqdeoh wr lqwhjudwh rxw xqfhuwdlqw| derxw wkh uljkw qxpehu ri
euhdn srlqwv lq wkh gdwd1 Zh gr wklv e| phdqv ri Ed|hvldq prgho dyhudjlqj
whfkqltxhv1 Wklv uhtxluhv frpsxwlqj d zhljkwhg dyhudjh ri wkh frpsrvlwh
glvwulexwlrqv edvhg rq wkh prghov wkdw dvvxph glhuhqw ydoxhv ri rA 1 Ohw
& eh wkh prgho wkdw dvvxphv &   euhdnv dw wlph A +l1h1/ rA ’ &1 Wkh
suhglfwlyh ghqvlw| xqghu wkh Ed|hvldq prgho dyhudjh lv
RE+Anm\A  ’
7g[
&’
R&E+Anm\A RE&m\A c +4;,
zkhuh 7g lv vrph xsshu olplw rq wkh odujhvw qxpehu ri euhdnv wkdw lv hqwhu0
wdlqhg1 Wkh zhljkwv xvhg lq wkh dyhudjh duh jlyhq e| wkh srvwhulru prgho
suredelolwlhv=
R E&m + 2 s E+m& R E& +4<,
zkhuh s E+m& lv wkh pdujlqdo olnholkrrg iurp +;, dqg RE& lv wkh sulru
iru prgho &1
7 Hpslulfdo Dssolfdwlrq
Zh dsso| wkh sursrvhg phwkrgrorj| wr prgho X1V1 Wuhdvxu| Eloo udwhv/ d
nh| hfrqrplf yduldeoh ri jhqhudo lqwhuhvw1 Wklv yduldeoh lv lghdoo| vxlwhg iru
rxu dqdo|vlv vlqfh suhylrxv vwxglhv kdyh grfxphqwhg vwuxfwxudo lqvwdelolw|
dqg uhjlph fkdqjhv lq wkh xqghuo|lqj surfhvv/ f1i1 Dqj dqg Ehndhuw +5335,/
Jdufld dqg Shuurq +4<<9, dqg Jud| +4<<9,1
714 Gdwd
Zh dqdo|}h prqwko| gdwd rq wkh qrplqdo wkuhh prqwk XV W0eloo udwh iurp
Mxo| 4<7: wkurxjk Ghfhpehu 53351 Sulru wr wkh ehjlqqlqj ri wklv vdpsoh
lqwhuhvw udwhv zhuh {hg iru d ohqjwk| shulrg vr rxu gdwd vhw lv wkh orqjhvw
dydlodeoh srvw0zdu vdpsoh zlwk yduldeoh lqwhuhvw udwhv1 Wkh gdwd vrxufh lv wkh
Fhqwhu iru Uhvhdufk lq Vhfxulw| Sulfhv dw wkh Judgxdwh Vfkrro ri Exvlqhvv/
Xqlyhuvlw| ri Fklfdjr1 W0eloo |lhogv duh frpsxwhg iurp wkh dyhudjh ri elg
dqg dvn sulfhv dqg duh frqwlqxrxvo| frpsrxqghg 698 gd| udwhv1 Iljxuh 4
sorwv wkh prqwko| |lhogv1 Zh glylgh wkh gdwd lqwr wzr sduwv1 Revhuydwlrqv
iurp wkh ehjlqqlqj ri wkh vdpsoh wkurxjk Ghfhpehu 4<<: duh xvhg dv wkh
hvwlpdwlrq vdpsoh/ zkloh gdwd iurp Mdqxdu| 4<<; wkurxjk Ghfhpehu 5335
+93 revhuydwlrqv, duh xvhg dv wkh iruhfdvwlqj +rxw0ri0vdpsoh, shulrg1
45
715 Sulru Holflwdwlrq dqg Srvwhulru Lqihuhqfh
Lq Vhfwlrq 5 zh vshflhg d ehwd glvwulexwlrq iru wkh gldjrqdo hohphqwv ri
wkh wudqvlwlrq suredelolw| pdwul{/ d Qrupdo0Zlvkduw glvwulexwlrq iru wkh
phwd0glvwulexwlrq sdudphwhuv ri wkh uhjuhvvlrq frh!flhqwv dqg d Jdppd0
H{srqhqwldo iru wkh huuru whup suhflvlrq sdudphwhuv1 Lpsohphqwdwlrq ri rxu
phwkrg uhtxluhv dvvljqlqj ydoxhv wr wkh dvvrfldwhg k|shusdudphwhuv1 Iru wkh
R*v zh dvvxph d qrq0lqirupdwlyh sulru iru doo wkh gldjrqdo hohphqwv ri +4,/
l1h1/ @ ’ K ’ fD1 Iru wkh Qrupdo0Zlvkduw glvwulexwlrq/ zh vshfli| q ’ f/
Pq ’ fff  Uon/ q ’ 2 dqg Vq ’ Uon/ zkhuh f lv dq Eo n   yhfwru
ri }hurv/ zkloh Uon lv wkh Eo n  o n  lghqwlw| pdwul{1 Wkhvh ydoxhv uh0
 hfw qr vshflf sulru nqrzohgjh dqg duh glxvh ryhu vhqvleoh udqjhv ri ydoxhv
iru erwk wkh Qrupdo dqg Zlvkduw glvwulexwlrq1 Vlploduo|/ zh vhw 4f ’ ff/
Sf ’  dqg _f ’ ff/ doorzlqj wkh sulru iru f dqg _f wr eh xqlqirupdwlyh
ryhu wkh srvlwlyh uhdo olqh1
Zh dovr frqgxfwhg d sulru vhqvlwlylw| dqdo|vlv wr hqvxuh wkdw wkh hpslul0
fdo uhvxowv duh urexvw wr glhuhqw sulru eholhiv1 Iru wkh wudqvlwlrq suredelolw|
pdwul{/ c zh prglhg @ dqg K wr dffrxqw iru d zlgh vhw ri uhjlph gxud0
wlrqv> zh dovr fkdqjhg wkh ehwd sulru phdq k|shusdudphwhuv q dqg Pq/
dqg wkh uhjlph huuru whup suhflvlrq k|shusdudphwhuv Sf/ _f dqg 4f1 Lq doo
fdvhv zh irxqg wkh KPF hvwlpdwhv zhuh lqvhqvlwlyh wr fkdqjhv lq wkh sulru
k|shusdudphwhuv1 Pruh fduh lv qhhghg zkhq ghdolqj zlwk wkh ehwd sulru suh0
flvlrq k|shusdudphwhu Vq1 Iru vpdoo ydoxhv ri lwv gldjrqdo hohphqwv +ohvv
wkdq fD,/ wkh phwd glvwulexwlrq iru wkh uhjuhvvlrq frh!flhqwv zloo qrw doorz
hqrxjk yduldwlrq dfurvv uhjlphv/ dqg dv d frqvhtxhqfh wkh uhjlph uhjuhvvlrq
frh!flhqwv duh foxvwhuhg durxqg wkh phdq ri wkh phwd0glvwulexwlrq/ Mf1 Hp0
slulfdo uhvxowv zhuh irxqg wr eh urexvw iru ydoxhv ri wkh gldjrqdo hohphqwv ri
Vq juhdwhu wkdq ru htxdo wr 1
716 Prgho Hvwlpdwhv
Lq ylhz ri wkhlu hpslulfdo vxffhvv dqg h{whqvlyh xvh lq iruhfdvwlqj46 zh prgho
wkh surfhvv xqghuo|lqj W0eloo udwhv i+|j dv dq o
| rughu dxwruhjuhvvlyh +DU,
46Vhh Shvdudq dqg Wlpphupdqq +5337, iru ixuwkhu uhihuhqfhv wr wkh olwhudwxuh rq iruh0
fdvwv iurp DU prghov vxemhfw wr euhdnv1
46
prgho doorzlqj iru xs wr g euhdnv ryhu wkh revhuyhg vdpsoh i+c c +Aj=
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Zlwklq wkh fodvv ri DU surfhvvhv/ wklv vshflfdwlrq lv txlwh jhqhudo dqg doorzv
iru lqwhufhsw dqg vorsh vkliwv dv zhoo dv fkdqjhv lq wkh huuru yduldqfhv1 Hdfk
uhjlph  /  ’ c gn/ lv fkdudfwhul}hg e| d yhfwru ri uhjuhvvlrq frh!flhqwv/
 ’

qcfc qcc qco


/ dqg dq huuru whup yduldqfh/ j2 / iru | ’  3nc c  
Iroorzlqj suhylrxv vwxglhv zh frqvlghu uvw dqg vhfrqg rughu dxwruhjuhv0
vlyh vshflfdwlrqv iru wkh W0eloo udwh1 Wkh DU+4, prgho lv rxu edvh vshf0
lfdwlrq dqg uhvxowv iru wkh DU+5, prgho duh lqfoxghg wr ghprqvwudwh wkh
urexvwqhvv ri rxu hpslulfdo qglqjv1 Iru hdfk DU vshflfdwlrq zh rewdlq d
glhuhqw prgho e| ydu|lqj wkh qxpehu ri euhdnv/ g/ dqg zh udqn wkhvh prg0
hov e| phdqv ri wkhlu pdujlqdo olnholkrrgv frpsxwhg xvlqj wkh Fkle phwkrg
iurp Vhfwlrq 5141 Wdeoh 4 uhsruwv pd{lpl}hg orj0olnholkrrg ydoxhv/ pdujlqdo
orj0olnholkrrgv dqg euhdn gdwhv iru ydoxhv ri g udqjlqj iurp }hur wr vhyhq1
Iru erwk dxwruhjuhvvlyh vshflfdwlrqv/ wkh pdujlqdo orj0olnholkrrg lv pd{l0
pl}hg dw g ’ S1 Wkh prghov zlwk g ’ . euhdn srlqwv rewdlq edvlfdoo|
wkh vdph pdujlqdo orj0olnholkrrg/ vxjjhvwlqj wkdw wkh dgglwlrqdo euhdn lv qrw
vxssruwhg e| wkh gdwd1
Iljxuh 5 sorwv wkh srvwhulru suredelolw| iru wkh vl{ euhdn srlqwv xqghu
wkh DU+4, prgho1 Uhvxowv duh qhduo| lghqwlfdo iru wkh DU+5, prgho1 Wkh
orfdo xqlprgdolw| ri wkh srvwhulru glvwulexwlrqv vkrzv wkdw wkh euhdn srlqwv
duh jhqhudoo| suhflvho| hvwlpdwhg148 Iru wkh dxwruhjuhvvlyh prghov zlwk vl{
euhdn srlqwv/ Wdeohv 5/ 6/ 7 dqg 8 uhsruw wkh dxwruhjuhvvlyh sdudphwhuv/
yduldqfh/ wudqvlwlrq suredelolw| dqg wkh dyhudjh qxpehu ri prqwkv vshqw lq
hdfk uhjlph1 Lq doo uhjlphv wkh lqwhuhvw udwh lv kljko| shuvlvwhqw dqg forvh wr
d xqlw urrw surfhvv1 Wkh huuru whup yduldqfh lv sduwlfxoduo| kljk iru uhjlph
8 +odvwlqj iurp Rfwrehu 4<;5 wr Mxo| 4<;<,/ dqg txlwh orz iru uhjlphv 4 +Vhs
47Dowkrxjk vwuxfwxudo euhdn whvwv riwhq gr qrw uhyhdo wkh irup ri wkh lqvwdelolw|/ d zlgho|
xvhg fodvv ri prghov dvvxphv wkdw lw fdq eh zhoo dssur{lpdwhg e| d vhtxhqfh ri glvfuhwh
vwuxfwxudo euhdnv1
48Lq frqwudvw/ wkh sorw iru wkh prgho zlwk vhyhq euhdn srlqwv +qrw vkrzq khuh, kdg
d yhu| zlgh srvwhulru ghqvlw| iru wkh 4<9< euhdn/ surylglqj ixuwkhu hylghqfh djdlqvw wkh
lqfoxvlrq ri dq dgglwlrqdo euhdn srlqw1
47
4<7: 0 Qry 4<8:,/ 6 +Mxo 4<93 0 Vhs 4<99, dqg : +Mxo| 4<;< 0 Ghf 4<<:,1
Wdeohv 6 dqg 8 uhsruw sulru sdudphwhu hvwlpdwhv/ l1h1 wkh phwd glvwulexwlrq
sdudphwhuv xqghu wkh DU+4, dqg DU+5, prghov1 Iru h{dpsoh/ lq wkh fdvh ri
wkh DU+4, vshflfdwlrq/ wkh wzr phwd glvwulexwlrqv duh
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AIurp wkh surshuwlhv ri wkh Jdppd glvwulexwlrq/ wkh phdq ri wkh suhflvlrq
ri wkh phwd glvwulexwlrq lv doprvw 4; dqg wkh vwdqgdug huuru lv durxqg 531
Wkhvh ydoxhv duh frqvlvwhqw zlwk wkh ydoxhv ri wkh lqyhuvh ri wkh yduldqfh
hvwlpdwhv lq Wdeoh 51
717 Xqlw Urrw G|qdplfv
Wkh shuvlvwhqw g|qdplfv revhuyhg lq vrph ri wkh uhjlphv pd| eh d fdxvh iru
frqfhuq zkhq fdofxodwlqj pxowl0vwhs iruhfdvwv1 Xqlw urrwv ru hyhq h{sorvlyh
urrwv frxog dhfw wkh phwd glvwulexwlrq zklfk dyhudjhv sdudphwhu ydoxhv
dfurvv wkh uhjlphv1 Wr ghdo zlwk wklv sureohp/ zh sursrvh wkh iroorzlqj
dowhuqdwlyh frqvwudlqhg sdudphwhul}dwlrq ri wkh DU+4, prgho=
{+|n ’ k  +| n "|nc  ’ c cg n c +54,
zkhuh "|n  Efc j
2
1 Li  ’ f/ wkh surfhvv kdv d xqlw urrw zkloh li
f 	  	 2/ lw lv d vwdwlrqdu| DU+4, prgho1 Qrwdeo|/ lq wkh fdvh zlwk d
xqlw urrw wkhuh lv qr guliw luuhvshfwlyh ri wkh ydoxh ri k1 Dvvxplqj wkdw wkh
surfhvv lv vwdwlrqdu|/ lwv orqj uxq phdq lv vlpso| k1
Zh hvwlpdwh rxu klhudufklfdo KPF prgho xqghu wklv qhz sdudphwhul}d0
wlrq1 Wr dyrlg h{sorvlyh urrwv dqg qhjdwlyh xqfrqglwlrqdo phdq/ zh frqvwudlq
 wr olh lq dfc o dqg k wr eh vwulfwo| srvlwlyh1 Zh dffrpsolvk wklv e| dv0
vxplqj wkdw wkh sulruv iru wkh uhjlph uhjuhvvlrq sdudphwhuv dqg huuru whup
suhflvlrqv duh
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/ zkloh wkh sulruv iru wkh phwd0glvwulexwlrq k|shusdudph0
whuv lq wklv fdvh ehfrph
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U E% 5  lq +55, dqg +56, lv dq lqglfdwru ixqfwlrq wkdw htxdov 4 li % ehorqjv
wr  dqg lv }hur rwkhuzlvh1  lv wkh vhw dfc4  Efc o1 Qr fkdqjhv duh
qhhghg lq wkh sulruv iru wkh phwd0glvwulexwlrq k|shusdudphwhuv ri wkh huuru
whup suhflvlrq/ f dqg _f1 Zh rewdlq wkh vdph srvwhulru ghqvlwlhv dv xqghu
wkh xquhvwulfwhg prgho dowkrxjk wkhvh glvwulexwlrqv duh qrz wuxqfdwhg gxh
wr wkh lqhtxdolw| frqvwudlqwv1
Wdeohv 9 dqg : uhsruw hvwlpdwhv dvvxplqj vl{ euhdnv1 Wkh ghwhfwhg euhdn
srlqwv duh wkh vdph dv wkrvh irxqg iru wkh xquhvwulfwhg DU+4, prgho1 Wr eh
frpsdudeoh wr wkh hduolhu wdeohv/ wkh uhjlph frh!flhqwv dqg phwd glvwulexwlrq
uhvxowv uhihu wr k dqg  1 Iru hdfk uhjlph dqg iru wkh phwd glvwulex0
wlrq/ Wdeoh 9 vkrzv wkh suredelolw| ri d xqlw urrw/ fdofxodwhg dv h

 ’ f

1
Uhjlphv 4 dqg 6 duh pruh olnho| wr eh qrq0vwdwlrqdu|/ erwk kdyh d xqlw urrw
suredelolw| voljkwo| kljkhu wkdq rqh wklug1 Wklv lv dovr uh hfwhg lq wkh phwd
glvwulexwlrq uhvxowv/ h EKfE2 ’  ’ fH1 Iljxuh 6 vkrzv wkh srvwhulru ghq0
vlwlhv iru wkh phwd glvwulexwlrq sdudphwhuv iru wkh xquhvwulfwhg dqg uhvwulfwhg
prghov1
718 Iruhfdvwv
Zh qdoo| wxuq wr wkh fdofxodwlrq ri rxw0ri0vdpsoh suhglfwlyh glvwulexwlrqv1
Zh edvh rxu uhvxowv rq wkh prgho zlwk vl{ euhdnv rffxuulqj ryhu wkh hv0
wlpdwlrq vdpsoh/ exw odwhu dovr suhvhqw uhvxowv edvhg rq Ed|hvldq Prgho
Dyhudjlqj dfurvv glhuhqw qxpehuv ri euhdnv xvlqj +4;, dqg +4<,1 Dwwhqwlrq
lv uhvwulfwhg wr wkh DU+4, vshflfdwlrq/ vlqfh suhglfwlyh glvwulexwlrqv xqghu
wkh DU+5, prgho duh yhu| vlplodu1 Zh vwduw iurp wkh hqg ri wkh lq0vdpsoh
shulrg A +Ghfhpehu 4<<:, dqg frpsxwh suhglfwlyh glvwulexwlrqv iru shulrg
A n  E ’ c c Sf xqghu wkh vfhqdulrv ghvfulehg lq vhfwlrq 61 Wr rewdlq
wkh suhglfwlyh ghqvlw| xqghu wkh qr euhdn vfhqdulr zh xvh wkh lqirupdwlrq
iurp wkh odvw uhjlph ri wkh klhudufklfdo KPF prgho1 Wr jdlq lqwxlwlrq zh
dovr vkrz uhvxowv xqghu wkh phwd glvwulexwlrq vfhqdulr zklfk uhsuhvhqwv wkh
rssrvlwh h{wuhph fdvh dqg dvvxphv wkdw d vlqjoh euhdn rffxuv dw wkh ehjlq0
qlqj ri wkh rxw0ri0vdpsoh shulrg/ A n 1 Wklv fdvh gudzv d qhz yhfwru ri
49
uhjuhvvlrq sdudphwhuv dqg d qhz huuru whup yduldqfh iurp wkh phwd glvwule0
xwlrq1 Ilqdoo|/ wkh klhudufklfdo KPF iruhfdvw wkdw doorzv iru rxw0ri0vdpsoh
euhdnv lv edvhg rq wkh vfhqdulrv lq +4:,1 Zh uhihu wr wklv dv wkh cfrpsrvlwh*
iruhfdvw1 Wklv iruhfdvw dvvxphv xqlqirupdwlyh sulruv iru erwk @ dqg K/ zlwk
@f ’  dqg Kf ’ f1 Glhuhqw ydoxhv iru @f dqg Kf zhuh wulhg dqg wkh uhvxowv
zhuh irxqg wr eh urexvw wr fkdqjhv lq @fc Kf1
49
Iljxuh 7 vkrzv wkh zhljkwv rq wkh cqr euhdn* prgho dv d ixqfwlrq ri wkh
iruhfdvw krul}rq1 Rqh plqxv wklv txdqwlw| lv wkh zhljkw dvvljqhg wr gudzv
iurp wkh phwd glvwulexwlrq1 Dv h{shfwhg/ wkh zhljkw ghfuhdvhv prqrwrqlfdoo|
lq wkh iruhfdvw krul}rq/ / lpso|lqj wkdw kljkhu zhljkw lv jlyhq wr sdudphwhuv
gudzq iurp wkh phwd glvwulexwlrq wkh orqjhu wkh iruhfdvw krul}rq dqg wkh
kljkhu wkhuhiruh wkh fkdqfh ri h{shulhqflqj d euhdn sulru wr A n 
Iljxuh 8 sorwv wkh dvvrfldwhg iruhfdvw ghqvlwlhv1 Wkh iruhfdvw krul}rq
udqjhv iurp rqh wr vl{w| prqwkv1 Dv h{shfwhg iurp wkh yduldqfh hvwlpdwhv
lq Wdeoh 5/ xqghu qr euhdn wkh suhglfwlyh ghqvlw| lv frqfhqwudwhg durxqg
lwv phdq/ zkloh wkhuh lv pxfk pruh xqfhuwdlqw| xqghu wkh phwd glvwulexwlrq
zklfk edodqfhv glhuhqfhv lq sdudphwhu hvwlpdwhv dfurvv wkh vhyhq euhdn vhj0
phqwv1 Zh dovr lqvshfw judsklfdoo| wkh shuirupdqfh ri wkhvh iruhfdvwv1 Lq
hdfk sdqho wkh dfwxdo +uhdol}hg, ydoxh ri wkh W0eloo udwh iru wkdw shulrg lv
lqglfdwhg e| d yhuwlfdo olqh1 Diwhu |hdu 5333/ wkh Wuhdvxu| eloo udwh ghfolqhv
vljqlfdqwo|1 Lq idfw/ d vhsdudwh Klgghq Pdunry Fkdlq uxq uhvwulfwhg rqo| wr
wkh shulrg 4<<;=3405335=45 frquphg wkdw d euhdn pd| kdyh rffxuuhg dw wklv
wlph1 Frqvhtxhqwo|/ diwhu wklv shulrg wkh iruhfdvwv iurp wkh qr euhdn prgho
duh yhu| srru zkloh wkh frpsrvlwh prgho iruhfdvwv shuirup frqvlghudeo| ehw0
whu1 Wkh odvw wkuhh sdqhov lq Iljxuh 8 vkrz wkdw wkh qr euhdn iruhfdvwv duh
xszdug eldvhg dqg xqdeoh wr fdswxuh wkh ghfolqh lq wkh W0Eloo udwh zkloh wkh
frpsrvlwh iruhfdvwv duh pruh dffxudwh1
719 Iruhfdvw Hydoxdwlrq
Zh qh{w lqyhvwljdwh wkh shuirupdqfh ri wkh qr euhdn dqg klhudufklfdo KPF
prghov xvlqj wkh srvwhulru suhglfwlyh R0ydoxh dssurdfk1 Li wkh prgho wv wkh
gdwd uhdvrqdeo| zhoo/ uhdol}hg ydoxhv ri wkh W0eloo udwh lq wkh rxw0ri0vdpsoh
shulrg vkrxog qrw eh wrr idu rxw lq wkh wdlov ri wkh suhglfwlyh ghqvlw|1 Wr vhh
49Wkh srvwhulru phdqv ri wkh k|shusdudphwhuv d dqg e duh 5;187 dqg 31;6 zkloh wkh
vwdqgdug ghyldwlrqv duh 4:159 dqg 31771 Wkh sulru iru wkh wudqvlwlrq suredelolwlhv lv/ dw
wkh srvwhulru phdq ri d dqg e/ d ehwd glvwulexwlrq zlwk d phdq ri 31<:4: dqg d yduldqfh
ri 3136441
4:
li wklv krogv/ iru hdfk ri wkh prghov/  / zh frpsxwh wkh shufhqwloh ri wkh
uhdol}hg ydoxh/
U +An
3"
R E5m \A c _5 dqg uhsruw krz pdq| wlphv wkh prgho
|lhogv srvwhulru suhglfwlyh R0ydoxhv ehorz 3138 ru deryh 31<8/ ylhzlqj dq ryhu0
uhsuhvhqwdwlrq ri vxfk rffxuuhqfhv dv hylghqfh djdlqvw d prgho1
Wdeoh ; uhsruwv hpslulfdo uhvxowv erwk iru wkh ixoo rxw0ri0vdpsoh shulrg/
4<<;=3405335=45 dqg iru wkh vxeshulrg 5334=3405335=451 Zh frqvlghu wkhvh
vdpsohv vhsdudwho| gxh wr wkh hylghqfh ri d euhdn durxqg wkh hqg ri 53331
Iruhfdvwlqj shuirupdqfh lv frpsxwhg dv dyhudjhv dfurvv glhuhqw krul}rqv/ /
edvhg rq iruhfdvwv ruljlqdwlqj iurp shulrg A +l1h1 edvhg rq \A ,1 Lq erwk fdvhv
wkh iruhfdvw ghqvlw| edvhg rq wkh frpsrvlwh prgho rxwshuirupv iruhfdvwv iurp
wkh prgho wkdw dvvxphv qr qhz euhdnv1 Uhvxowv duh sduwlfxoduo| vwulnlqj iru
wkh vhfrqg vxevdpsoh zkhuh wkh qr euhdn ghqvlw| ohdgv wr srru suhglfwlrqv
wzr wklugv ri wkh wlph/ zkloh wkh frpsrvlwh prgho lv qhyhu uhmhfwhg1
Zh dovr frpsxwhg urrw phdq vtxduhg iruhfdvw huuruv xqghu wkh qr euhdn
dqg frpsrvlwh prghov 0 xvlqj erwk wkh uhvwulfwhg dqg xquhvwulfwhg yhuvlrqv
0 edvhg hlwkhu rq wkh srvwhulru phdq ru wkh srvwhulru prgh ri wkh ghqvlw|
iruhfdvw dv rxu srlqw iruhfdvw ri wkh ixwxuh W0eloo udwh1 Wklv lv d srsxodu
phdvxuh ri iruhfdvwlqj shuirupdqfh1 Wdeoh < vkrzv wkdw wkh frpsrvlwh prgho
surgxfhv pruh suhflvh srlqw iruhfdvwv wkdq wkh qr euhdn prgho/ erwk lq wkh
uhvwulfwhg dqg xquhvwulfwhg fdvh1 Wkh frqvwudlqhg prgho vhhpv wr pdujlqdoo|
rxwshuirup wkh xqfrqvwudlqhg rqh1
Zkhq frpsduhg wr wkh shuirupdqfh ri iruhfdvwv iurp fodvvlfdo dssurdfkhv/
wkh urrw phdq vtxduhg iruhfdvw huuru ydoxh ri 4169( iurp wkh frpsrvlwh
prgho lv vxevwdqwldoo| ehorz wkh ydoxh jhqhudwhg e| iruhfdvwv edvhg rq hvwl0
pdwhv iurp wkh ixoo vdpsoh +5139(,/ d yh0|hdu uroolqj zlqgrz +5133(, dqg
glvfrxqwhg ohdvw vtxduhv +5137(,/ dvvxplqj d glvfrxqw idfwru ri 31<81
Rqh odvw lvvxh wkdw pd| eh uhohydqw zkhq iruhfdvwlqj W0Eloo udwhv lv wkh
srvvleoh suhvhqfh ri dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw| +DUFK,
lq wkh uhvlgxdov1 Wr vrph h{whqw rxu dssurdfk ghdov zlwk wklv e| ohwwlqj
wkh lqqrydwlrq yduldqfh ydu| dfurvv uhjlphv vr wkdw wkh yrodwlolw| sdudphwhu
hhfwlyho| iroorzv d vwhs ixqfwlrq1 Wr lqyhvwljdwh li wkh qrupdol}hg uhvlgxdov
+vfdohg e| wkh hvwlpdwhg vwdqgdug ghyldwlrq, vwloo duh khwhurvnhgdvwlf/ zh udq
Odjudqjh Pxowlsolhu +OP, whvwv/ uhjuhvvlqj wkh vtxduhg qrupdol}hg uhvlgxdov
rq wkhlu odjjhg ydoxhv1 Hyhq wkrxjk vrph DUFK hhfwv uhpdlq lq wkh vfdohg
uhvlgxdov/ diwhu vfdolqj wkh uhvlgxdov zh irxqg wkdw wkh-2 ri wkh OP uhjuhvvlrq
zdv uhgxfhg iurp 49( wr 5(1
4;
71: Xqfhuwdlqw| derxw wkh Qxpehu ri lq0vdpsoh Euhdnv
Wkh hpslulfdo uhvxowv suhvhqwhg wkxv idu zhuh frpsxwhg iurp wkh klhudufklfdo
KPFprgho xqghu wkh dvvxpswlrq ri vl{ euhdnv lq wkh lq0vdpsoh shulrg1 Rqh
fdq/ krzhyhu/ dujxh wkdw lw lv qrw uhdvrqdeoh wr frqglwlrq rq wkh qxpehu ri
euhdnv1 Zh wkhuhiruh h{solflwo| frqvlghu prghov zlwk glhuhqw qxpehuv ri
euhdn srlqwv/ lqwhjudwlqj rxw xqfhuwdlqw| derxw wkh qxpehu ri euhdn srlqwv
lq wkh gdwd e| phdqv ri wkh Ed|hvldq prgho dyhudjlqj irupxodv +4;,0+4<,1
Vshflfdoo|/ zh frqvlghu ehwzhhq rqh dqg vhyhq euhdnv lq wkh gdwd dqg dvvljq
htxdo sulru suredelolwlhv wr hdfk ri wkhvh prghov1
Wdeoh 43 vkrzv wkh srvwhulru pdvv dvvljqhg wr hdfk ri wkh prghov1 D
suredelolw| pdvv forvh wr }hur lv dvvljqhg wr wkh prghov zlwk yh ru ihzhu
euhdn srlqwv zkloh ;5 dqg 4; shufhqw ri wkh srvwhulru pdvv lv dvvljqhg wr wkh
prghov zlwk vl{ dqg vhyhq euhdn srlqwv/ uhvshfwlyho|1
Iljxuh 9 sorwv wkh frpelqhg suhglfwlyh ghqvlw| xqghu Ed|hvldq prgho
dyhudjlqj dorqj zlwk wkh suhglfwlyh ghqvlw| wkdw frqglwlrqv rq vl{ euhdnv1
Wkh judskv uhyhdo wkdw wkh wzr ghqvlwlhv duh yhu| vlplodu1 Lw lv wkhuhiruh qrw
vxusulvlqj wkdw wkh rxw0ri0vdpsoh urrw phdq vtxduhg iruhfdvw huuru ydoxhv
rewdlqhg xqghu wkh wzr dssurdfkhv duh edvlfdoo| wkh vdph dqg glhu rqo|
diwhu wkh irxuwk ghflpdo1 Wklv phdqv wkdw wkh iruhfdvwlqj uhvxowv uhsruwhg vr
idu duh yhu| urexvw wr xqfhuwdlqw| derxw wkh qxpehu ri lq0vdpsoh euhdnv1
8 Frqfoxvlrq
Wkh nh| frqwulexwlrq ri wklv sdshu kdv ehhq wr lqwurgxfh d klhudufklfdo klgghq
Pdunry fkdlq dssurdfk wr prgho wkh phwd glvwulexwlrq iru wkh sdudphwhuv
ri wkh vwrfkdvwlf surfhvv xqghuo|lqj vwuxfwxudo euhdnv1 Wklv doorzhg xv wr
iruhfdvw hfrqrplf wlph vhulhv wkdw duh vxemhfw wr vwuxfwxudo euhdnv1 Rxu
dssurdfk lv txlwh jhqhudo dqg fdq eh lpsohphqwhg lq glhuhqw zd|v iurp
wkdw dvvxphg lq wkh fxuuhqw sdshu1 Iru h{dpsoh/ wkh vwdwh wudqvlwlrqv frxog
eh doorzhg wr ghshqg rq wlph0ydu|lqj uhjuhvvruv wudfnlqj idfwruv uhodwhg wr
xqfhuwdlqw| derxw lqvwlwxwlrqdo vkliwv ru wkh olnholkrrg ri pdfurhfrqrplf ru
rlo sulfh vkrfnv1 Zkhq dssolhg wr dxwruhjuhvvlyh vshflfdwlrqv iru X1V1 W0Eloo
udwhv/ dq rxw0ri0vdpsoh iruhfdvwlqj h{huflvh irxqg wkdw rxu dssurdfk surgxfhv
ehwwhu iruhfdvwv wkdq phwkrgv wkdw ljqruh wkh srvvlelolw| ri ixwxuh euhdnv1
Wkh vlpsoh cqr qhz euhdn* dssurdfk wkdw iruhfdvwv xvlqj sdudphwhu hvwl0
pdwhv vroho| iurp wkh odvw srvw0euhdn shulrg fdq eh h{shfwhg wr shuirup zhoo
4<
zkhq wkh qxpehu ri revhuydwlrqv iurp wkh odvw uhjlph lv vx!flhqwo| odujh wr
gholyhu suhflvh sdudphwhu hvwlpdwhv/ dqg wkh srvvlelolw| ri qhz euhdnv rffxu0
ulqj ryhu wkh iruhfdvw krul}rq lv yhu| vpdoo/ f1i1 Shvdudq dqg Wlpphupdqq
+5337,1 Krzhyhu/ zkhq iruhfdvwlqj pdq| shulrgv dkhdg ru zkhq euhdnv rffxu
uhodwlyho| iuhtxhqwo|vr wkh odvw euhdn srlqw lv forvh wr wkh hqg ri wkh vdpsoh
dqg d qhz euhdn lv olnho| wr rffxu vkruwo| diwhu wkh hqg ri wkh hvwlpdwlrq
vdpsoh wklv dssurdfk lv xqolnho| wr surgxfh vdwlvidfwru| iruhfdvwv1
Lqwxlwlrq iru zk| rxu dssurdfk dsshduv wr zrun txlwh zhoo lq iruhfdvwlqj
lqwhuhvw udwhv lv wkdw lw hhfwlyho| vkulqnv wkh qhz sdudphwhuv gudzq diwhu
d euhdn wrzdugv wkh phwd glvwulexwlrq1 Vkulqndjh kdv zlgho| ehhq irxqg wr
eh d xvhixo ghylfh iru lpsurylqj iruhfdvwlqj shuirupdqfh lq wkh suhvhqfh ri
sdudphwhu hvwlpdwlrq dqg prgho xqfhuwdlqw|/ f1i1 Glherog dqg Sdxo| +4<<3,/
Vwrfn dqg Zdwvrq +5336,/ Jduudww/ Ohh/ Shvdudq dqg Vklq +5336,/ dqg Dlro
dqg Wlpphupdqq +5337,1 Khuh lw dsshduv wr zrun ehfdxvh wkh qxpehu ri
euhdnv wkdw fdq eh lghqwlhg hpslulfdoo| whqgv wr eh vpdoo dqg wkh sdudphwhuv
ri wkh phwd glvwulexwlrq iurp zklfk vxfk euhdnv duh gudzq lv uhdvrqdeo|
suhflvho| hvwlpdwhg1
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Dsshqgl{ D1 Jleev Vdpsohu iru wkh Pxowlsoh Uhjlph
Prgho
Wkh srvwhulru glvwulexwlrq ri lqwhuhvw lv Z EXcTcVA m \A / zkhuh
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lqfoxghv wkh g n  uhjlph frh!flhqwv dqg wkh sulru orfdwlrqv dqg vfdohv/
VA ’ Erc c rA  lv wkh froohfwlrq ri ydoxhv ri wkh odwhqw vwdwh yduldeoh/
\A ’ E+c c +A 
c dqg T ’ ERc R22cc Rgg
 vxppdul}hv wkh xqnqrzq sd0
udphwhuv ri wkh wudqvlwlrq suredelolw| pdwul{ lq +4,1 Wkh Jleev vdpsohu
dssolhg wr rxu vhw xs zrunv dv iroorzv= Iluvw wkh vwdwhv duh vlpxodwhg frqgl0
wlrqdo rq wkh gdwd/ \A c dqg wkh sdudphwhuv dqg/ vhfrqg/ wkh sdudphwhuv duh
vlpxodwhg frqglwlrqdo rq wkh gdwd dqg VA 1 Vshflfdoo|/ wkh Jleev vdpsolqj
lv lpsohphqwhg e| vlpxodwlqj wkh iroorzlqj vhw ri frqglwlrqdo glvwulexwlrqv=
41 Z EVA mXcTc\A 
51 Z EXc m \A cTcVA 
61 Z ETm VA 
zkhuh zh kdyh xvhg wkh lghqwlw| Z EXcTm VA c\A  ’ Z EXm \A cTcVA Z ETm VA /
qrwlqj wkdw xqghu rxu dvvxpswlrqv Z ETmXcVA c\A  ’ Z ETm VA 1
Wkh vlpxodwlrq ri wkh vwdwhv VA uhtxluhv ciruzdug* dqg cedfnzdug* sdvvhv
wkurxjk wkh gdwd1 Ghqh V| ’ Erc c r| dqg V
|n ’ Er|nc c rA  dv wkh
vwdwh klvwru| xs wr wlph | dqg iurp wlph | wr A / uhvshfwlyho|1 Zh sduwlwlrq
wkh vwdwhv* mrlqw ghqvlw| dv iroorzv=
RErA3m \A c rA cXcT     REr|m \A cV
|ncXcT     RErm \A cV
2cXcT
+D4,
Fkle +4<<8, vkrzv wkdw wkh jhqhulf hohphqw ri +57, fdq eh ghfrpsrvhg dv
REr|m \A cV
|ncXcT 2 REr|m \A cXcTREr|m r|3cXcTc +D5,
zkhuh wkh qrupdol}lqj frqvwdqw lv hdvlo| rewdlqhg vlqfh r| wdnhv rqo| wzr ydo0
xhv frqglwlrqdo rq wkh ydoxh wdnhq e| r|n1 Wkh vhfrqg whup lq +D5, lv vlpso|
wkh wudqvlwlrq suredelolw| iurp wkh Pdunry fkdlq1 Wkh uvw whup fdq eh frp0
sxwhg e| d uhfxuvlyh fdofxodwlrq +wkh iruzdug sdvv wkurxjk wkh gdwd, zkhuh/
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iru jlyhq REr|3m \|3cXcT/ zh rewdlq REr|m \|cXcT dqg REr|nm \|ncXcT/
111/ RErA m \|cXcT1 Vxssrvh REr|3m \|3cXcT lv dydlodeoh/ wkhq
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 ’
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dqg R,& lv wkh Pdunry wudqvlwlrq suredelolw|1
Iru d jlyhq vhw ri vlpxodwhg vwdwhv/ VA / wkh gdwd lv sduwlwlrqhg lqwr gn
jurxsv1 Wr rewdlq wkh frqglwlrqdo glvwulexwlrqv iru wkh uhjuhvvlrq sdudphwhuv/
sulru orfdwlrqv dqg vfdohv/ qrwh wkdw wkh frqglwlrqdo glvwulexwlrq ri wkh *v
duh pxwxdoo| lqghshqghqw zlwk
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j lv wkh pdwul{ ri revhuydwlrqv rq wkh uhjuhvvruv lq uhjlph / dqg + lv wkh
yhfwru ri revhuydwlrqv rq wkh ghshqghqw yduldeoh lq uhjlph 
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Prylqj wr wkh srvwhulru iru wkh suhflvlrq sdudphwhuv zlwklq hdfk uhjlph/
qrwh wkdw
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zkhuh ? lv wkh qxpehu ri revhuydwlrqv dvvljqhg wr uhjlph 1 Wkh orfdwlrq
dqg vfdoh sdudphwhuv iru wkh huuru whup suhflvlrq duh wkhq xsgdwhg dv iroorzv=
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Gudzlqj f iurp +D5, lv voljkwo| pruh frpsolfdwhg vlqfh zh fdqqrw pdnh
xvh ri dq| vwdqgdug glvwulexwlrqv1 Zh wkhuhiruh lqwurgxfh d Phwursrolv0
Kdvwlqjv +P0K, vwhs lq wkh Jleev vdpsolqj dojrulwkp1 Dw hdfk orrs ri wkh
Jleev vdpsolqj zh gudz d ydoxh Wf iurp d Jdppd glvwulexwhg fdqglgdwh
jhqhudwlqj ghqvlw| ri wkh irup
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Wklv fdqglgdwh jhqhudwlqj ghqvlw| lv fhqwhuhg rq wkh odvw dffhswhg ydoxh
ri f lq wkh fkdlq/ 
}3
f / zkloh wkh sdudphwhu  ghqhv wkh yduldqfh ri wkh
ghqvlw| dqg/ dv d e|0surgxfw/ wkh uhmhfwlrq lq wkh P0K vwhs1 Kljkhu ydoxhv
ri  phdq d vpdoohu yduldqfh iru wkh fdqglgdwh jhqhudwlqj ghqvlw| dqg wkxv
d vpdoohu uhmhfwlrq udwh1 Wkh dffhswdqfh suredelolw| lv jlyhq e|
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wkh fdqglgdwh ydoxh Wf lv dffhswhg dv wkh
qh{w ydoxh lq wkh fkdlq/ zkloh zlwk suredelolw|

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wkh fkdlq
uhpdlqv dw }3f 1 Wkh dffhswdqfh udwlr shqdol}hv dqg uhmhfwv ydoxhv ri f
gudzq iurp orz srvwhulru ghqvlw| duhdv1
Ilqdoo|/ T lv hdvlo| vlpxodwhg iurp Z ETm VA  vlqfh/ xqghu wkh ehwd sulru
lq +5, dqg jlyhq wkh vlpxodwhg vwdwhv/ VA / wkh srvwhulru glvwulexwlrq ri R lv
e|@E@n?c Kn zkhuh ? lv wkh qxpehu ri rqh vwhs wudqvlwlrqv iurp vwdwh
 wr vwdwh  lq wkh vhtxhqfh V?1
Dsshqgl{ E1 Hvwlpdwlrq ri Euhdn Srlqw Prgho
Wklv dsshqgl{ surylghv ghwdlov ri krz zh lpsohphqw wkh Fkle +4<<8, phwkrg
iru frpsdulqj prghov zlwk glhuhqw qxpehuv ri euhdn srlqwv dqg krz zh
frpsxwh wkh glhuhqw frpsrqhqwv ri +;,1
Frqvlghu wkh srlqwv EXWcTW lq EXcT/ zklfk frxog eh pd{lpxp olnhol0
krrg hvwlpdwhv ru srvwhulru phdqv ru prghv1 Wkh olnholkrrg ixqfwlrq hydo0
xdwhg dw XW dqg TW lv dydlodeoh iurp wkh sursrvhg sdudphwhul}dwlrq ri wkh
fkdqjh srlqw prgho dqg fdq eh rewdlqhg dv
*L} s E\A mX
WcTW ’
A[
|’
*L} s E+|m \|3cX
WcTW c
zkhuh wkh rqh0vwhs0dkhdg suhglfwlyh ghqvlw| lv
s E+|m \|3cX
WcTW ’
gn[
&’
s E+|m \|3cX
WcTWc r| ’ & R Er| ’ &m \|3cX
WcTW 
Iru vlpsolflw| zh vxssuhvvhg wkh prgho lqglfdwru1 Wkh sulru ghqvlw| hydoxdwhg
dw wkh srvwhulru phdqv ru prghv lv hdvlo| frpsxwhg vlqfh lw lv nqrzq lq
dgydqfh1 Wkh ghqrplqdwru ri +;, qhhgv vrph h{sodqdwlrq/ krzhyhu1 Zh fdq
ghfrpsrvh wkh srvwhulru ghqvlw| dv
Z EXWc  Wm \A  ’ Z EX
Wm \A Z ET
WmXWc\A  c
zkhuh
Z EXWm \A  ’
]
Z EXWm \A cVA  R EVA m \A  _VA c
dqg
Z ETWmXWc\A  ’
]
Z ETWm VA Z EVA mX
Wc\A  _VA 
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Wkh uvw sduw fdq eh hvwlpdwhg dv eZ EXWm \A  ’ C3 CS
}’
Z EXWm \A cVAc}
xvlqj J gudzv iurp wkh uxq ri wkh Pdunry Fkdlq Prqwh Fduor dojrulwkp1
Wkh vhfrqg sduw Z ETWmXWc\A  uhtxluhv dq dgglwlrqdo vlpxodwlrq ri wkh Jleev
vdpsohu iru dVAc}o
C
}’ iurp Z EVA mX
Wc\A 1 Wkhvh gudzv duh rewdlqhg e|
dgglqj vwhsv dw wkh hqg ri wkh ruljlqdo Jleev vdpsolqj lq rughu wr vlpxodwh
VA frqglwlrqdo rq E\A cX
WcTW dqg TW frqglwlrqdo rq E\A cX
WcVA 1
Wkh lghd rxwolqhg deryh lv hdvlo| h{whqghg wr wkh fdvh zkhuh wkh Jleev
vdpsohu glylghv X lqwr  eorfnv/ l1h1 X ’ EXcX2c cX1 Vlqfh
Z EXWm \A  ’ Z EX
W
m \A Z EX
W
2mX
W
c\A    Z

XWmX
W
c cX
W
3c\A

c
zh fdq xvh glhuhqw Jleev vdpsolqj vwhsv wr fdofxodwh wkh srvwhulru Z EXWm \1
Lq rxu h{dpsoh zh kdyh X ’ / X2 ’ j
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 E ’ c cg n / X ’ Mf/
Xe ’ f/ XD ’ f dqg XS ’ _f1 Wkh Fkle phwkrg fdq ehfrph frpsxwdwlrq0
doo| ghpdqglqj/ exw wkh ydulrxv vdpsolqj vwhsv doo kdyh wkh vdph vwuxfwxuh1
Iru vrph ri wkh eorfnv lq wkh klhudufklfdo Klgghq Pdunry Fkdlq prgho/ wkh
ixoo frqglwlrqdo ghqvlwlhv duh qrq0vwdqgdug/ dqg vdpsolqj uhtxluhv wkh xvh ri
wkh Phwursrolv0Kdvwlqjv dojrulwkp +vhh iru h{dpsoh wkh suhflvlrq sulru k|shu0
sdudphwhu f,1 Wkh ruljlqdo Fkle 4<<8 dojrulwkp lv wkhq prglhg iroorzlqj
Fkle dqg Mhold}nry +5334,1
5:
Iljxuh 4= Prqwko| W0Eloo udwhv/ 4<7:=: 0 5335=451
5;
Iljxuh 5= Srvwhulru suredelolw| ri euhdn rffxuuhqfh iru wkh DU+4, prgho/ dvvxplqjN @ 9
euhdnv1
5<
Iljxuh 6= Srvwhulru ghqvlw| ri wkh phwd glvwulexwlrq sdudphwhuv e3 xqghu wkh xqfrq0
vwudlqhg +gdvkhg olqh, dqg frqvwudlqhg +vrolg olqh, prghov1
63
Iljxuh 7= Srvwhulru suredelolw| ri vwd|lqj lq uhjlph N . 4 dw wlph W . k/
Su +vW.k @ N . 4m vW @ N . 4,1 k lv wkh iruhfdvw krul}rq dqg udqjhv iurp 4 wr 93 prqwkv1
64
Iljxuh 8= Suhglfwlyh ghqvlwlhv xqghu wkuhh prghov iru wkh W0Eloo vhulhv1 Wkh judskv vkrz
wkh suhglfwlyh glvwulexwlrqv iru wkh W0Eloo vhulhv xqghu ydulrxv iruhfdvw krul}rqv1 Wkh
grwwhg olqh uhsuhvhqwv wkh iruhfdvw dvvxplqj qr euhdn srlqw lq wkh qhz gdwd e| xvlqj rqo|
wkh lqirupdwlrq iurp wkh odvw uhjlph +dvvxplqj N@9,/ wkh vrolg olqh uhsuhvhqwv wkh *phwd0
glvwulexwlrq* iruhfdvw xqghu wkh dvvxpswlrq ri d qhz euhdn rffxulqj lpphgldwho| diwhu wkh
hqg ri wkh hvwlpdwlrq vdpsoh/ zkloh wkh gdvk0grwwhg olqh lv wkh suhglfwlyh ghqvlw| iurp wkh
frpsrvlwh prgho1
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Iljxuh 9= Frpsrvlwh suhglfwlyh ghqvlwlhv xqghu Ed|hvldq prgho dyhudjlqj +gdvkhg grwwhg
olqh, dqg xqghu wkh prgho zlwk vl{ euhdnv +vrolg olqh,1
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DU+4, prgho
Qr1 ri euhdnv Orj oln1+OO, Pdujlqdo OO Euhdn gdwhv
3 0788138 07;81<6
4 066<1;4 07661;9 Ghf09<
5 05:417< 066<14; Ghf09< Mxq0;8
6 055914: 064;183 Qry09< Rfw0:< Rfw0;5
7 04<3146 0669189 Mxq086 Qry09< Rfw0:< Rfw0;5
8 04:31;7 066415; Mxq086 Qry09< Rfw0:< Rfw0;5
Mxo0;<
9 0468194 06431;: Qry08: Mxo093 Vhs099 Rfw0:<
Rfw0;5 Mxo0;<
: 045;179 064516: Qry08: Mxo093 Ghf098 Qry09<
Rfw0:< Rfw0;5 Mxo0;<
DU+5, prgho
& ri euhdnv Orj oln1 Pduj orj oln1 Euhdn gdwhv
3 077<18: 08471<:
4 08471:< 077<1<5 Qry08:
5 065318; 07<;1<< Qry086 Qry09<
6 054614; 074;186 Qry08: Rfw09< Vhs0;5
7 04;9196 0745147 Mxq086 Qry09< Rfw0:< Vhs0;5
8 04:51;4 07531:8 Qry08: Mxo093 Ghf09; Rfw0;5
Mxo0;<
9 045;178 06<8179 Qry08: Mxo093 Vhs099 Rfw0:<
Vhs0;5 Mxo0;<
: 04531<7 06<;1:: Qry08: Mxo093 Ghf098 Rfw09;
Rfw0:< Vhs0;5 Mxo0;<
Wdeoh 4= Prgho frpsdulvrq1 Wklv wdeoh vkrzv wkh orj olnholkrrg dqg wkh pdujlqdo orj
olnholkrrg hvwlpdwhv iru glhuhqw qxpehuv ri euhdnv dorqj zlwk wkh wlph ri wkh euhdn
srlqwv iru wkh glhuhqw prghov1 Wkh wrs dqg erwwrp sdqhov glvsod| uhvxowv iru wkh DU+4,
dqg DU+5, prghov/ uhvshfwlyho|1
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Sdudphwhu hvwlpdwhv
Uhjlphv
4 5 6 7 8 9 :
Frqvwdqw
Phdq 31353 3159: 31353 31557 316<9 3157: 31454
v1h1 31365 31554 313:4 3147< 317<; 3153< 313:5
DU+4, frh!flhqw
Phdq 41335 31;;9 41338 31<9; 31<8; 31<9: 31<:4
v1h1 3134; 313:8 31355 31357 31376 3135: 31346
Yduldqfhv
Phdq 31356 3159< 31349 31593 51858 31493 3136<
v1h1 31336 313:: 31336 3135< 319;: 3135: 31339
Wudqvlwlrq Suredelolw| pdwul{
Phdq 31<;; 31<8; 31<;3 31<<3 31<98 31<;4 4
v1h1 31343 31367 31349 3133: 3135; 31348 3
Phdq gxu1 453 6: :5 489 6: ;7 <<
Wdeoh 5= Srvwhulru sdudphwhu hvwlpdwhv iru wkh xqfrqvwudlqhg DU+4, klhudufklfdo Klgghq
Pdunry Fkdlq prgho zlwk vl{ euhdn srlqwv1
Phdq Sdudphwhuv
Phdq v1h1 <8( frqi lqwhuydo
KfE 314<4 31544 03153< 31966
KfE2 31<77 31494 3194< 41553
Yduldqfh Sdudphwhuv
Phdq v1h1
fEc  315:6 31645
fE2c 2 314<; 3147:
Huuru whup suhflvlrq
Phdq v1h1 <8( frqi lqwhuydo
f 31::8 31677 31593 41833
_f 31376 31357 31343 31434
Wdeoh 6= Sulru sdudphwhu hvwlpdwhv iru wkh xqfrqvwudlqhg DU+4, klhudufklfdo Klgghq
Pdunry Fkdlq prgho zlwk vl{ euhdn srlqwv1
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Sdudphwhu hvwlpdwhv
Uhjlphv
4 5 6 7 8 9 :
Frqvwdqw
Phdq 31356 31633 3133< 3153; 318:5 315<3 3143;
v1h1 31367 31558 3139< 31489 318<6 31545 3139<
DU+4, frh!flhqw
Phdq 41377 41373 31<83 31<67 41486 413<; 4159:
v1h1 313<4 31494 31445 313;3 31486 3143; 313<5
DU+5, frh!flhqw
Phdq 031378 031495 3138< 31369 03153; 031469 0315<5
v1h1 313<6 31493 31448 313;4 31489 3143< 313<3
Yduldqfhv
Phdq 31356 3158<4 31348 31593 5179; 31493 31368
v1h1 31336 313:4 31336 31364 31979 3135: 31338
Wudqvlwlrq Suredelolw| pdwul{
Phdq 31<;; 31<8< 31<;3 31<<3 31<94 31<;5 4
v1h1 31343 31366 31349 3133; 31364 31347 3
Wdeoh 7= Srvwhulru sdudphwhu hvwlpdwhv iru wkh xqfrqvwudlqhg DU+5, klhudufklfdo Klgghq
Pdunry Fkdlq prgho zlwk vl{ euhdn srlqwv1
Phdq Sdudphwhuv
Phdq v1h1 <8( frqi lqwhuydo
KfE 31548 3158< 0315:5 31:94
KfE2 413:5 31546 3197; 417<3
KfE 03143< 31543 031855 3163;
Yduldqfh Sdudphwhuv
Phdq V1h1
fEc  31738 31776
fE2c 2 315;< 31594
fEc  315<8 315<5
Huuru whup suhflvlrq
Phdq V1h1 <8( frqi lqwhuydo
f 31;:5 3168< 31673 419:7
_f 3137: 31358 31344 3143<
Wdeoh 8= Sulru sdudphwhu hvwlpdwhv iru wkh xqfrqvwudlqhg DU+5, klhudufklfdo Klgghq
Pdunry Fkdlq prgho zlwk vl{ euhdn srlqwv1
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Sdudphwhu hvwlpdwhv
Uhjlphv
4 5 6 7 8 9 :
k
Phdq 3135< 315<6 31388 31574 31867 315;4 31459
v1h1 3135; 314:9 31386 3146; 31757 3149: 31395
 
Phdq 31<<4 31;;5 31<<3 31<98 31<7: 31<96 31<:3
v1h1 31344 31393 31345 31355 31369 31355 31345
h

 ’ f

316:7 31343 31694 3136: 31389 31349 31334
Yduldqfhv
Phdq 31356 31589 31349 3158: 51859 3148< 3136<
v1h1 31336 313:4 31336 31363 31986 31359 31339
Wudqvlwlrq Suredelolw| pdwul{
Phdq 31<;; 31<93 31<;3 31<<3 31<95 31<;5 4
v1h1 31343 31367 3134: 3133; 31364 31347 3
Phdq gxu1 453 6: :5 489 6: ;7 <<
Wdeoh 9= Srvwhulru sdudphwhu hvwlpdwhv iru wkh DU+4, klhudufklfdo Klgghq Pdunry Fkdlq
prgho zlwk vl{ euhdn srlqwv xqghu wkh frqvwudlqhg sdudphwhul}dwlrq lq +4<,1
Phdq Sdudphwhuv
Phdq v1h1 <8( frqi lqwhuydo
KfE 314:6 314<; 3 31983
KfE2 31<47 31445 3195: 4
h EKfE2 ’  316;6
Yduldqfh Sdudphwhuv
Phdq v1h1
fEc  315;5 31587
fE2c 2 314;< 31473
Huuru whup suhflvlrq
Phdq v1h1 <8( frqi lqwhuydo
f 31;8; 3168< 31668 419::
_f 3137: 31359 31345 31447
Wdeoh := Sulru sdudphwhu hvwlpdwhv iru wkh DU+4, klhudufklfdo Klgghq Pdunry Fkdlq
prgho zlwk vl{ euhdn srlqwv xqghu wkh frqvwudlqhg sdudphwhul}dwlrq lq +4<,1
6:
Ylrodwlrqv (
4<<;=3405335=45 5334=3405335=45
Qr euhdn 31683 3199:
Frpelqhg 314;6 3
Wdeoh ;= Shufhqwdjh ri wlphv wkh srvwhulru suhglfwlyh s0ydoxh olhv rxwvlgh wkh 3138031<8
lqwhuydo xqghu wkh prgho dvvxplqj qr qhz euhdn srlqwv diwhu wkh hqg ri wkh vdpsoh dqg
wkh frpsrvlwh klhudufklfdo Klgghq Pdunry fkdlq prgho1
Xqfrqvwudlqhg Frqvwudlqhg
Srvwhulru Phdq
Qr euhdn 418:8 418:<
Frpelqhg 41699 41696
Srvwhulru Prgh
Qr euhdn 4193: 418<7
Frpelqhg 415;; 415<7
Wdeoh <= Urrw phdq vtxduhg iruhfdvw huuru iru wkh srvwhulru phdqv dqg prghv ri wkh
suhglfwlyh ghqvlwlhv xqghu wkh prgho dvvxplqj qr qhz euhdn srlqwv diwhu wkh hqg ri wkh
vdpsoh dqg wkh frqvwudlqhg dqg xqfrqvwudlqhg frpsrvlwh klhudufklfdo Klgghq Pdunry
fkdlq prghov1
& ri euhdnv Srvwhulru Sure
3 :19:H0::
4 6148H087
5 7147H046
6 61<:H037
7 819<H045
8 4145H03<
9 31;4:
: 314;5
Wdeoh 43= Prgho Srvwhulru Suredelolwlhv iru glhuhqw qxpehu ri lq vdpsoh euhdn srlqwv1
Wkh srvwhulru suredelolwlhv duh frpsxwhg e| phdqv ri wkh pdujldo orj olnholkrrg ri wdeoh
41
6;
